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Abstract
We provide a general framework on the coefficients of the graph poly-
nomials of graphs which are Cartesian products. As a corollary, we prove
that if G = (V,E) is a graph with degrees of vertices 2d(v), v ∈ V , and the
graph polynomial
∏
(i,j)∈E(xj − xi) contains an “almost central” mono-
mial (that means a monomial
∏
v
xcvv , where |cv−d(v)| 6 1 for all v ∈ V ),
then the Cartesian product GC2n is (d(·) + 2)-choosable.
1 Introduction
Let F be a field, x = (x1, . . . , xn) a set of variables. For A ⊂ F and a ∈ A denote
D(A, a) :=
∏
b∈A\a
(a− b).
For a multi-index d = (d1, . . . , dn) ∈ Z
n
>0 denote |d| = d1 + . . . + dn, x
d =∏n
i=1 x
di
i . For a polynomial f ∈ F[x] denote by [x
d]f the coefficient of monomial
xd in polynomial f .
Choose arbitrary subsets Ai ⊂ F, |Ai| = di + 1 for i = 1, . . . , n. Denote
A = A1 ×A2 × . . .×An.
Recall the formula version of Combinatorial Nullstellensatz (it appeared in
this form in quite recent papers [14, 9, 7], but essentially already in [5], see [8]
for a modern exposition of the algebraic geometry behind this formula):
[
xd
]
f =
∑
a=(a1,...,an)∈A
f(a)∏n
i=1D(Ai, ai)
(1)
for any polynomial f ∈ F[x] such that deg f 6 |d|.
In particular, if [xd]f 6= 0, then (1) yields the existence of a ∈ A for which
f(a) 6= 0. This is Combinatorial Nullstellensatz [1], which has numerous appli-
cations.
∗St. Petersburg State University, St. Petersburg, Russia f.v.petrov@spbu.ru.
†The Euler International Mathematical Institute, St. Petersburg, Russia
gordalserg@gmail.com .
1
Alon and Tarsi [2] suggested to use it for list graph colorings. Namely, if
G = (V,E) is a non-directed graph with the vertex set V = {v1, . . . , vn} and
the edge set E, we define its graph polynomial in n variables x1, . . . , xn as
FG(x) =
∏
(i,j)∈E
(xj − xi).
Here each edge corresponds to one linear factor xj − xi, so the whole FG is
defined up to a sign. Assume that each vertex vi has a list Ai consisting of
di + 1 colors, which are real numbers. A proper list coloring of G subordinate
to lists {Ai}16i6n is a choice of colors a = (a1, . . . , an) ∈ A1 × . . .×An = A for
which neighbouring vertices have different colors: ai 6= aj whenever (i, j) ∈ E.
In other words, a proper list coloring is a choice of a ∈ A for which FG(a) 6= 0.
If |d| = |E|, the existence of a proper list coloring follows from [xd]FG 6= 0.
Define the chromatic number χ(G) of the graph G as the minimal m such
that there exists a proper list coloring of G subordinate to equal lists of size m:
Ai = {1, . . . ,m}. Define the list chromatic number ch(G) of the graph G as the
minimal m such that for arbitrary lists Ai, |Ai| > m, there exists a proper list
coloring of G subordinate to these lists. Define the Alon–Tarsi number AT (G)
of the graph G as the minimal k for which there exists a monomial xd such that
max(d1, . . . , dn) = k − 1 and [x
d]FG 6= 0.
From above we see that the list chromatic number does not exceed the Alon–
Tarsi number:
ch(G) 6 AT(G). (2)
Further we consider the Alon–Tarsi numbers for the graphs which are direct
products G1G2 of simpler graphs G1 = (V1, E1) and G2 = (V2, E2). Recall
that the vertex set of G1G2 is V1 × V2 and two pairs (v1, v2) and (u1, u2) are
joined by an edge if and only if either v1 = u1 and (v2, u2) ∈ E2 or v2 = u2 and
(v1, u1) ∈ E1.
It is well known (Lemma 2.6 in [13]) that χ(G1G2) = max(χ(G1), χ(G2)).
Much less is known about the list chromatic number (and the Alon–Tarsi num-
ber) of the Cartesian product of graphs. Borowiecki, Jendrol, Kra´l, and Miˇskuf
[3] gave the following bound:
Theorem 1 ([3]). For any two graphs G and H,
ch(GH) 6 min(ch(G) + col(H), col(G) + ch(H))− 1.
Here col(G) is the coloring number of G, i.e. the smallest integer k for which
there exists an ordering of vertices v1, . . . , vn of G such that each vertex vi is
adjacent to at most k − 1 vertices among v1, . . . , vi−1.
Here we continue the previous work [10] where the toroidal grid CnCm
(here Cn is a simple cycle with n edges) was considered and it was proved that
AT(CnC2k) = 3.
The rather specific methods of [10] seem to be not applicable in the more
general setting considered here.
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We call a coefficient
[
xξ
]
FG(x) of the graph polynomial FG central, if ξi =
degG(vi)/2 for all i, and almost central, if |ξi − degG(vi)/2| 6 1 for all i.
Our main result is the following
Theorem 2. Let G be a graph, all vertices in which have even degree. Suppose
that the graph polynomial FG has at least one non-zero almost central coefficient.
Then for H = GC2k the central coefficient is non-zero. In particular, H is
(degH /2 + 1)-choosable and
ch(H) 6 AT(H) 6
∆(H)
2
+ 1 =
∆(G)
2
+ 2.
Note that Theorem 1 gives the bound ch(H) 6 min(ch(G) + 2, col(G) + 1)
under the same conditions. When ch(G) (or col(G)) is small, this bound is
stronger. But it can also be weaker when ch(G) and col(G) are close to ∆(G).
For example, if G = C2l+1 is an odd cycle, then FG obviously has a non-zero
almost central coefficient, so, by Theorem 2, ch(C2l+1C2k) 6 3 (this was also
proved in [10] by a different argument). On the other hand, Theorem 1 gives
only ch(C2l+1C2k) 6 4.
2 Coefficients as traces
Let d = (d1, . . . , dn) ∈ Z
n
>0. Consider a polynomial P (x,y) ∈ F[x,y] in vari-
ables x = (x1, . . . , xn), y = (y1, . . . , yn) of degree at most d1 + . . .+ dn.
Consider nk variables (x1,x2, . . . ,xk), xi = (xi1, . . . , x
i
n); denote also x
k+1 ≡
x1. Define
Pk(x
1,x2, . . . ,xk) =
∏
16j6k
P (xj ,xj+1).
We are interested in the coefficient
Mk :=

 k∏
j=1
(xj)d

Pk.
Choose any sets A1, . . . , An, |Ai| = di + 1, of elements of field F. Denote
A =
∏n
i=1 Ai and define a matrix Φ with rows and columns enumerated by
elements of A. More specifically, for α = (α1, . . . , αn), β = (β1, . . . , βn) ∈ A
define
Φ(α, β) =
P (α, β)
D(β)
, where D(β) =
n∏
i=1
D(Ai, βi) =
n∏
i=1
∏
a∈Ai\βi
(βi − a).
Using Combinatorial Nullstellensatz (1) we get
Mk = trΦ
k.
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In order to study the spectrum of Φ, we regard Φ as an operator which maps
a function f : A→ F to the function
(Φf)(α) =
∑
β∈A
P (α, β)
D(β)
f(β).
We can think of f as a polynomial with degree at most di in variable xi
(i = 1, . . . , n). Each function on the set A is represented by exactly one such
polynomial.
Note that for a polynomial h(y) we have
∑
β∈A
h(β)
D(β)
=
[
yd
]
(h (mod Iy)) ,
where Iy is “Alon’s ideal”, generated by univariate polynomials
∏
a∈Ai
(yi − a);
by remainder h (mod Iy) modulo this ideal we mean the unique polynomial
which is congruent to h modulo Iy and has degree at most di in variable yi for
all i = 1, . . . , n.
Using this notation, we get
(Φf)(x) =
[
yd
]
(P (x,y)f(y) (mod Iy)) (mod Ix).
Consider the image (Φf)(x) of a monomial f(x) := xη, η+− = (η1, . . . , ηn),
deg(xη) = |η| =
∑
i ηi =: m. Note that the polynomial (Φf)(x) does not
contain monomials of degree greater than m. It means that operator Φ is block
triangular in the monomial basis, with blocks corresponding to sets of monomials
of fixed degree. The eigenvalues of Φ depend only on these blocks. Consider
one such block. We take two monomials xη,xτ of degree m and look at the
coefficient of xτ in the polynomial
Φ(xη) =
[
yd
]
(P (x,y)yη (mod Iy)) (mod Ix).
It is easy to see that it is equal to
[xτyd−η]P (x,y).
3 Cartesian product of a graph and an even cy-
cle
Let G be a graph, all vertices in which have even degree. Denoting V (G) =
{v1, . . . , vn}, we take di = deg(vi)/2 + 1,
P (x,y) = FG(x) ·
n∏
i=1
(yi − xi),
and let k be even. Suppose that the coefficient [xτ ] Φ(xη) of the block we are
studying is not zero; it is possible only if ηi ∈ {di − 1, di} for all i. That means
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that in fact the matrix is block triangular with even smaller blocks: blocks,
corresponding to monomials xη such that |η| = m for some m, ηi ∈ {di − 1, di}
for all i.
Now we take two monomials xτ , xη such that |τ | = |η| = m, τi, ηi ∈ {di −
1, di} for all i. We have
[xτ ] Φ(xη) = (−1)n−|d|+m
[
xτ+d−η−1
]
FG(x).
Note that [
xτ+d−η−1
]
FG(x) = (−1)
|E(G)|
[
xη+d−τ−1
]
FG(x), (3)
since simultaneously changing the choice in each linear factor xi − xj of FG we
get one of these monomials from the other. Thus, each of the blocks we are
interested in is (skew-)symmetric; therefore all eigenvalues of the matrix are
real (or all are imaginary). Then the k-th powers of all non-zero eigenvalues
are real and have the same sign. It follows that trΦk 6= 0 if at least one of the
coefficients of the form [
xτ+d−η−1
]
FG(x)
is non-zero; in other words, if there is at least one non-zero coefficient
[
xξ
]
FG(x)
with |ξi − deg(vi)/2| 6 1 for all i. Theorem 2 is proved.
Remark 1. Define a generalized graph polynomial Q for a graph or multigraph
G = (V,E) with even degrees, V = {v1, . . . , vn}, as a product of factors xi ± xj
for all edges vivj ∈ E (one multiple for each edge). Note that it satisfies the
symmetry or antisymmetry property (3), with some multiple ±1 on the place of
(−1)|E(G)|. Therefore the same argument shows that if Q has a non-zero almost
central coefficient, then the polynomial
2k∏
i=1
Q(xi,xi+1)
2k∏
i=1
n∏
j=1
(xij − x
i+1
j ), where x
2k+1 ≡ x1, (4)
has a non-zero central coefficient (that is, a coefficient of
∏
i,j(x
i
j)
deg(vj)/2+1).
4 Applications
4.1 Cartesian product of several cycles
Consider a Cartesian product of odd cycles G = C2k1+1 . . .C2kn+1, such that
1
k1
+ · · ·+
1
kn
6 1.
Our goal is to show that the graph polynomial FG has a non-zero almost
central coefficient. We employ the Alon-Tarsi method:
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Theorem 3 (see Corollary 1.2, Corollary 2.3 in [2]). Let G be a non-directed
graph on vertices v1, . . . , vn. Suppose G has an orientation D with outdegrees
dout(vi) = di, and there are no odd directed cycles in D. Then the coefficient
[xd]FG (where d = (d1, . . . , dn)) is non-zero.
We are going to build an orientation of G, such that the outdegree of any
vertex lies in {n − 1, n, n + 1}, and there are no odd directed cycles. We are
going to denote vertices of G by v = (v1, . . . , vn), 0 6 vi 6 2ki.
We divide G into 2n boxes Hi, 0 6 i < 2
n: if the binary notation of i is
bi,1 . . . bi,n, then
Hi = {(v1, . . . , vn) | 0 6 vj 6 k, if bi,j = 0; k < vj 6 2k otherwise}.
These boxes may be colored alternately white and black (in a chess order).
We direct all edges sticking out of black boxes outward, and from white boxes
inward. Note that any directed cycle is contained is some box Hi and has
therefore even length.
The remaining task is to obtain the orientation of the box of dimension n
with outdegree of any vertex lying in {n − 1, n}. We will use this orientation
for all white boxes Hi’s, for the black boxes use the reversed orientation. This
guarantees that in white boxes all outdegrees are in {n− 1, n}; in black boxes
the indegrees are in {n− 1, n}, therefore the outdegrees are in {n, n+ 1}.
To prove the existence of such orientation we are going to use the following
theorem (see, for example, Theorem 3 in [4]):
Theorem 4. There exists an orientation of G = (V,E) with lv 6 dout(v) 6 uv
for any v, if and only if for any W ⊂ V the following two conditions hold:
1. |E(W )| 6
∑
v∈W uv;
2. |E(W )| >
∑
v∈W lv,
where E(W ) = E(V ) \ E(V \W ) is the set of edges incident to at least one
vertex of W .
Proposition 5. Let H = Pk1 . . .Pkn (Pi is a path of length i). There exists
an orientation of H with outdegrees of all vertices lying in {n−1, n} if and only
if
1
k1
+ · · ·+
1
kn
6 1. (5)
Proof. First of all, note that the condition (5) is necessary: the sum of outde-
grees of all vertices does not exceed the number of edges in a graph, so
(n− 1)
n∏
i=1
ki 6
n∑
i=1
(ki − 1)
∏
16j6n
j 6=i
ki =
n∏
i=1
ki ·
n∑
i=1
(
1−
1
ki
)
, (6)
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which is equivalent to (5). To show that the condition (5) is sufficient, we are
going to verify two conditions from Theorem 4 with l(v) = n− 1, u(v) = n for
each v. The first condition holds:
|E(W )| 6
1
2
∑
v∈W
d(v) 6 n|W |.
The second condition looks like
|E(V )| − |E(V \W )| > (n− 1)|W |.
Denoting U = V \W , it is equivalent to
|E(U)| − (n− 1)|U | 6 |E(V )| − (n− 1)|V |
for each U ⊂ V . Thus, to prove that the second condition holds, it is sufficient
to show that the function
f(U) = |E(U)| − (n− 1)|U |
reaches its maximum value at U = V .
For 1 6 i 6 n, p = (p1, . . . , pi−1, pi+1, . . . , pn), 1 6 pj 6 kj , denote
U(i, p) = {v ∈ U | vj = pj for any j 6= i}.
Then
|E(U)| 6 n|U | −
∑
i,p
χ(|U(i, p)| > 0).
Denote l = 1−
∑n
i=1
1
ki
> 0; then
|U | =
(
n∑
i=1
1
ki
+ l
)
|U | = l|U |+
∑
i,p
|U(i, p)|
ki
.
It follows that
f(U) 6 l|U |+
∑
i,p
g(U, i, p),
where
g(U, i, p) =
{
0, if |U(i, p)| = 0,
|U(i,p)|
ki
− 1, otherwise.
In conclusion, note that
f(U) 6 l|U |+
∑
i,p
g(U, i, p) 6 l|U | 6 l|V | = f(V ).
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Corollary 6. Let G = C2k1+1 . . .C2km+1C2km+1 . . .C2kn , 0 6 m < n,
and, additionally,
1
k1
+ · · ·+
1
km
6 1.
Then
ch(G) 6 AT(G) = n+ 1.
Proof. The upper bound follows from the construction described above; the
lower bound is obvious: in each monomial of the graph polynomial FG there is
a variable of degree at least n.
Note that even though the result is sharp for the Alon–Tarsi number, it is far
from sharp for the list chromatic number when n is large enough. For example,
if ki > 2 for all i = 1, . . . ,m (it is so for sure if m > 2 and
∑
1/ki 6 1), then
graph G is triangle free and has maximum degree 2n, which yields ch(G) 6
(2 + o(1)) nlog n by a result of Molloy [11], a recent improvement of the O(
n
log n )
bound first given by Johansson [6].
4.2 Powers of cycles
Proposition 7. Let Cpn be p-th power of a cycle Cn, i.e. a graph on the vertex
set {v1, . . . , vn}, in which vi and vj are adjacent if and only if j ∈ {i−p, . . . , i−
1, i + 1, . . . i + p} (the indices are modulo n). Suppose p + 1 divides n or n >
p(p+ 1). Then
ch(CpnC2k) 6 AT(C
p
nC2k) 6 p+ 2.
Proof. In [12] the Alon–Tarsi number AT for powers of cycles is estimated. If
p + 1 divides n, it is shown that the central coefficient of FCpn is non-zero; if
p + 1 does not divide n, but n > p(p + 1), then it is shown that for a graph
Hpn, obtained by adding some matching to the graph C
p
n, there is a non-zero
coefficient of FHpn with degree of each variable in {p, p+1}. This coefficient is a
linear combination of almost central coefficients of FCpn , so at least one of them
is also non-zero.
4.3 Multigraphs
Note that Theorem 2 can be applied to multigraphs. In particular, non-trivial
bounds can be obtained for graphs with large choice number by adding multiple
edges to them. To give an example, we prove the following proposition:
Proposition 8. Let G be a graph, all vertices of maximum degree in which may
be covered by some vertex-disjoint cycles. Then
AT(GC2k) 6 ∆(G) + 1 = ∆(GC2k)− 1.
Proof. Denote the set of edges contained in these cycles as F . Consider a graph
G′, which can be obtained from G by adding a multiple edge to every edge from
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the set E(G)\F . Obviously, AT(GC2k) 6 AT(G
′C2k). If we show that FG′
has a non-zero almost central coefficient, then
AT(G′C2k) 6
∆(G′)
2
+ 2 = ∆(G) + 1.
Consider another graph G′′, which can be obtained from G by adding a multiple
edge to every edge. Note that the central coefficient of FG′′ = F
2
G is non-zero:
the central coefficient of FG′′ is the sum of products of “opposite” coefficients of
FG, each summand in this sum has the same sign (which depends on the parity
of the number of edges in G, cf. (3)). But the central coefficient of FG′′ is a
linear combination of almost central coefficients of FG′ ; it follows that at least
one of them is also non-zero.
Corollary 9.
AT(KnC2k) = ch(KnC2k) = n.
Proof. We have
n > AT(KnC2k) > ch(KnC2k) > ch(Kn) > n,
where the first inequality follows from Proposition 8, the second from (2), the
third and fourth are clear. So all inequalities turn into equalities.
Next proposition is a generalization of Theorem 2 for arbitrary graphs (not
necessarily with even degrees, not necessarily with a non-zero almost central
coefficient.) Roughly speaking, it bounds the choosability in dependence on
how not-so-far-from-central coefficient does the graph polynomial have. It also
gives Corollary 9 (we skip the details).
Proposition 10. Let G = (V,E) be a graph; denote V = {v1, . . . , vn}. For
any η = (η1, . . . , ηn) denote lG(η, i) = |ηi − degG(vi)/2|. Consider a non-zero
coefficient [xτ ]FG(x) of the graph polynomial FG. Partition the set {1, . . . , n}
onto sets
N = {i : τi = degG(vi)/2},
A1 = {i : τi 6 degG(vi)/2− 1},
A2 = {i : τi = degG(vi)/2− 1/2},
B1 = {i : τi > degG(vi)/2 + 1},
B2 = {i : τi = degG(vi)/2 + 1/2}.
Additionally, let A3 be an arbitrary subset of A1 of size max(0, |A1| − |B1|);
let B3 be an arbitrary subset of B1 of size max(0, |B1| − |A1|). Then GC2k is
f -choosable, where
f(vi) =


degG(vi)/2 + 2, if i ∈ N,
degG(vi)/2 + lG(τ, i) + 1, if i ∈ A1 ∪B1 \A3 \B3,
degG(vi)/2 + lG(τ, i) + 2, if i ∈ A2 ∪B2 ∪ A3 ∪B3.
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Proof. Define a multiset A as follows:
• each i ∈ A1 \A3 occurs 2(lG(τ, i)− 1) times in A;
• each i ∈ A2 ∪ A3 occurs 2lG(τ, i) times in A.
Multiset B is defined similarly. Note that
|A| =
∑
i∈A1∪A2
2lG(τ, i)− 2min(|A1|, |B1|).
Similarly,
|B| =
∑
i∈B1∪B2
2lG(τ, i)− 2min(|A1|, |B1|).
It follows that |A| = |B| =: m. Let A = {a1, . . . , am}, B = {b1, . . . , bm}.
Consider 2m polynomials
Qε(x) = FG(x) ·
m∏
j=1
(xaj ± xbj )
indexed by the choice ε of m signs. Using the relation xaj =
1
2 ((xaj + xbj ) +
(xaj−xbj )) we see that the polynomialQ := FG(x)·
∏
xai is a linear combination
of Qε’s. Note that [
xτ ·
∏
xai
]
Q = [xτ ]FG 6= 0,
therefore there exists ε such that[
xτ ·
∏
xai
]
Qε 6= 0.
Note that Qε is a generalized graph polynomial of a certain multigraph on
the ground set V with degree function 2f(vi)− 4. The coefficient of x
τ ·
∏
xai
is almost central for Qε.
Now it follows from the Remark 1 that the polynomial (4) (for Q = Qε) has
a non-zero central coefficient.
Finally, since the graph polynomial FGC2k divides this polynomial, graph
GC2k is f -choosable.
The study was funded by Foundation for the Advancement of Theoretical
Physics and Mathematics “BASIS” (general Sections 2 and 3) and by by RFBR,
project number 19-31-27001 (applications in Section 4).
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